The vast majority of recent advances in the field of numerical radiative transfer relies on approximate operator methods better known in astrophysics as Accelerated Lambda-Iteration (ALI). A superior class of iterative schemes, in term of rates of convergence, such as Gauss-Seidel and Successive Overrelaxation methods were therefore quite naturally introduced in the field of radiative transfer by Trujillo Bueno & Fabiani Bendicho (1995) ; it was thoroughly described for the non-LTE two-level atom case. We describe hereafter in details how such methods can be generalized when dealing with non-LTE unpolarised radiation transfer with multilevel atomic models, in monodimensional geometry.
INTRODUCTION
Our ability to deal with complex radiative transfer problems has considerably improved during the last ten years. It is indeed still worth an effort since important issues of astrophysical interest may require to address a number of cases ranging from multi-dimensional problems in various geometries (Auer & Paletou 1994; Auer, Fabiani Bendicho & Trujillo Bueno 1994; Fabiani Bendicho, Trujillo Bueno & Auer 1997; van Noort, Hubeny & Lanz 2002; Gouttebroze 2004) to polarised radiation transfer involving complex atomic models (Trujillo Bueno & Manso Sainz 1999; Trujillo Bueno 2003) , for instance.
Most of the recent developments in the field of numerical radiation transfer are based on the Approximate (or Accelerated) Lambda-Iteration (ALI) scheme which has been recently reviewed by Hubeny (2003) . ALI methods are based on operator splitting and, in a seminal article, Olson, Auer & Buchler (1986) demonstrated the merits of adopting an approximate operator which is nothing more than the exact diagonal of the full operator Λ allowing the determination of the radiation field from a known source function (see Mihalas 1978; Rutten 2003) . More generally speaking such an efficient iterative scheme is better known as the Jacobi's method in numerical analysis (Young 1971) .
However, even if superior -in term of higher rates of convergence -iterative schemes based on the Gauss-Seidel (GS) and the Successive Overrelaxation (SOR) methods have been introduced since in the field of numerical radiative transfer, they still deserved too little attention by the astrophysical community. GS/SOR methods have been described in details in a landmark article by Trujillo Bueno & Fabiani ⋆ E-mail: frederic.paletou@ast.obs-mip.fr Bendicho (1995) . In particular, the practical description of how to implement GS/SOR iterations within a regular short characteristics formal solver is very meticulously written and therefore extremely useful. However, their description of the implementation of GS/SOR methods was restricted to the two-level atom case in monodimensional (1D) geometry.
In a subsequent article (Fabiani Bendicho et al. 1997) , although mentions to GS/SOR iterative schemes generalized to the multilevel atom transfer problem in multi-dimensional geometry can be found in their §2.1 for instance, their implementation is far from being made explicit and it is only described in very general terms; it is furthermore embedded in another (very efficient though) numerical strategy based on multi-grid methods (Hackbusch 1985; Briggs, Henson & McCormick 2000) . Unfortunately, it appears that the basic features of a GS/SOR-based formal solver in the frame of the multilevel atom radiative transfer problem remain to be explicited, so far.
The present article aims indeed at filling the gap by providing all the elements required for a successful implementation of multilevel GS/SOR iterative schemes in 1D geometry. We shall recall in §2 the basic principles of GS/SOR iterative schemes in the case of a two-level atom model. Then, in section §3 we shall describe step by step how GS/SOR can be implemented for the case of multi-level atom models, therefore extending the well-known multilevel-ALI method of Rybicki & Hummer (1991) . Finally, we shall present in §4 some illustrative examples clearly demonstrating the performances of multilevel GS/SOR iterative schemes.
GAUSS-SEIDEL AND SOR ITERATIVE SCHEMES BASICS
Gauss-Seidel and SOR iterative scheme are particularly well adapted to the short characteristics method (SC) for the formal solution of the radiative transfer equation (Olson & Kunasz 1987; Kunasz & Auer 1988; Auer & Paletou 1994) . Using SC in 1D geometry indeed, the formal solution is obtained by sweeping the grid say, first in direction −Ω (µ < 0) i.e. from the surface down to the bottom of the atmosphere, and then in the opposite, upward direction +Ω (µ > 0) starting from the bottom of the atmosphere up to its surface though. The specific intensity IνΩ is advanced step by step during each pass, partially integrated over angles and frequencies during the downward pass while, during the second (upward) pass, the mean intensityJ can be fully computed, completing therefore the formal solution
Except at the boundaries where the illumination conditions are known a priori, along each direction, the specific intensity at the inner grid points is advanced depth after depth, and computed according to
where the first part of the right-hand side of this expression corresponds to the part transmitted from the "upwind" grid point u down to the current point o (see Fig. 1 ), and the three last term result from the analytic integration of
along the short characteristics going from u to o. Indeed, assuming that S is quadratic in the optical depth τ , it is easy to show, using a simple Lagrange polynomial interpolation on the basis of three consecutive grid points u, o and d, that
where the Ψ's coefficients are defined 1 as
and where
In the two-level atom case, the non-LTE line source function S is usually expressed as where τ is the optical depth, ε is the collisional destruction probability, B the Planck function andJ is the usual mean intensitȳ
where we omitted the optical depth dependence for simplicity. The Jacobi type iterative scheme introduced in numerical radiative transfer by Olson et al. (1986) allows for the iterative determination of the source function on the basis of increments such that
at each depth τ k , where the superscript (old) denotes quantities already known from the previous iterative stage and where Λ kk is a scalar equal to the diagonal element of the full operator Λ at such a depth in the atmosphere. Following Trujillo Bueno & Fabiani Bendicho (1995) , within a Gauss-Seidel iterative scheme the source function increments now turn themselves into
where, quoting Trujillo Bueno & Fabiani Bendicho (1995) , the somewhat enigmatic quantityJ (old and new) k "means that at the spatial point k the mean intensity has to be calculated via a formal solution of the transfer equation using the "new" source function values S (new) j already obtained at points j = 1, 2, . . . , (k − 1), and the "old" source function values S (old) j at points j = k, (k + 1), . . . , ND". Achieving this was explained in every detail in Trujillo Bueno & Fabiani Bendicho (1995) and we shall not repeat here the algorithmics of the process. It is however important to repeat that such a scheme is better implemented in the frame of the short characteristics approach which fundamental elements have just been recalled.
Finally, going beyond Gauss-Seidel, SOR iterations can be implemented where
ω being, in the case of overrelaxation, a parameter such that 1 < ω < 2, with an optimal value ∼ 1.5 for the two-level atom case, as demonstrated by Trujillo Bueno & Fabiani Bendicho (1995) . However, in the non-LTE multilevel atom case, the radiation transfer problem is somewhat more complicated since it is now required to solve self-consistently for the coupled set of Ntrans radiative transfer equations, for all radiatively allowed transitions, together with a set of N levels equations of the statistical equilibrium (ESE) at each optical depth giving the populations numbers for all atomic levels.
THE MULTILEVEL ATOM CASE
Hereafter, we shall describe in details how the GS/SOR numerical method can be implemented for the case of multilevel atom models in 1D geometry. For simplicity we shall consider the case of non-overlapping lines with no background continuum.
The MALI method: an overview
ALI methods have been first generalized to the multilevel atom case by Rybicky & Hummer (1991 , 1992 . Their MALI method consists in the preconditioning of the equations of statistical equilibrium (ESE) using an approximate operator Λ * ul and aJ eff ul mean intensity defined hereafter, and computed, for all allowed transitions u ↔ l, from quantitites known from the previous iterative step.
Generally speaking, the line source function for a radiative transition between the two bound atomic levels u (i.e., the upper energy level) and l (respectively, the lower one) can be written in terms of the density of populations n u, l , the Einstein (1917) coefficients for spontaneous emission A ul , absorption B lu and stimulated emission B ul , and the line absorption φν and emission ψν profiles such as
Hereafter we shall however restrict our study to complete redistribution in frequency for which absorption and emission profiles are identical (φν ≡ ψν ) and therefore, the line source function remains independent of the frequency. Furthermore, leaving out bound-free transitions 2 , at each depth in the atmosphere, the ESE are usually expressed as a set of N levels elementary equations such that
where the Cij are collisional excitation/deexcitation rates. Now, introducing the approximate operator into the ESE via the ALI approximation
where S (old) represents the source function known from previous iteration and, defining
whereJ eff ij depends only on known quantities, we can establish 3 after Rybicki & Hummer (1991) the following set of preconditioned equations
wherē
For the sake of completeness about the MALI method we ought to mention here the illuminating discussion about preconditioning vs. linearization provided by Socas-Navarro & Trujillo and the recent extension of MALI to include partial frequency redistribution effects proposed by Uitenbroek (2001) .
GS/SOR with multilevel atoms
Assume that one has already swept the grid once, say from the illumination-free surface of the atmosphere at k = 0, down to the bottom boundary at k = ND along direction −Ω. By analogy with the GS/SOR numerical strategy for the two-level atom case, in the multilevel atom case we are now going to update all population numbers at successive depths k = ND, ..., 1 while sweeping back the grid along the opposite, upward direction +Ω. Now the population update will be made depth after depth, from the bottom, up to the surface of the atmosphere by inverting the MALI preconditioned set of ESE given in Eqs. (16) before passing to the next depth point. It is a quite straightforward task at the lower boundary surface since the incident radiation field is known a priori from the (given) external conditions of illumination.
The situation is however a bit more tricky at the inner grid points. Once the populations at depth (k + 1) have been updated, we shall advance along direction +Ω to the next grid point at depth k. But having changed {n Table 1 ).
[d = (k −1), k, (k +1)] used for the evaluation of the specific intensity along the short-characteristics are also affected by the local population change and thus need to be updated. But since ∆τ
evaluations of the specific intensities made during the first downward pass must also be corriged accordingly, for consistency.
So the major point in such implementation is to carefully "propagate" the effects of the local population update. Let us, for instance, consider the specific intensity evaluation at any inner grid point k in, respectively, direction −Ω for which we shall use (↓) superscripts, and +Ω (resp. (↑) superscripts); we can therefore write, following Eq. (2) (18) while, at the same depth but in the opposite direction, we have
Since the update of the population numbers at depth (k + 1) have just been done by inverting the system of Eqs. (16), this generates for each allowed transition changes in the absorption coefficients at line center, now becoming 20) and in the line source functions 4 turning into
Therefore, one has first to correct I (↓) k for consistency since previous changes lead, according to Eq. (18), to
4 Assuming complete redistribution in frequency; an extension to partial redistribution in frequency will be published elsewhere. Figure 3 . Empirical evaluation of the optimal SOR parameter ω for the two test-models of H i and Ca ii of Avrett (1968) . We used the same quadratures as for Fig. 2 and, for each case, the maximum relative change (m.r.c.) in the populations numbers, from an iteration to another, at iterative step # 50 is plotted vs. a prescribed value of ω.
which requires that I Then, I
(↑) k can be computed in a straightforward manner via Eq. (19), which makes it possible to computeΛ * ij and J eff ij for all allowed transitions, then to inject these quantities in the preconditioned ESE and finally to compute/update locally {n (new) j } k while in the middle of the upward pass. However, before advancing to next depth point (k − 1), it is important to consider first the various changes induced by the level population changes respectively on the source functions S k , on the optical depth increments ∆τ
and ∆τ
as well as, finally, on the three short char-
Because of that, we end up all updates at depth k during the upward pass by the computation of
This last stage is analogous to the correction described in Eq. (40) of Trujillo Bueno & Fabiani Bendicho (1995) .
Finally, a multilevel SOR iterative scheme is built when, at each depth k, all the populations of the excited levels are updated according to
where ω is a parameter of the order of 1.5 as discussed below (see also Fig. 3 ).
Numerical recipes
Several "recipes" should be followed when implementing a GS/SOR solver for multilevel atoms. The first one is to order properly the various loops. From outer to inner loops and of the relative change Rc (full lines) for, respectively, the GS and the SOR multilevel iterative schemes. Although a small value of Rc does not necessarily imply a small enough value of Ce as demonstrated by the GS curves, a SOR iterative process including a self-consistent evaluation of ω leads to a scheme such that Rc ≃ Ce.
one may find indeed: (1) the directions (±Ω) along which the slab will be swept, (2) the number of allowed radiative transitions, (3) the direction cosines (i.e., the usual µ's) and, finally (4) the frequencies. Upwind and downwind corrections, as described in Eqs. (22) and (23), require some bookkeeping of variables such as all the I (↓), (old) k after the downwind pass −Ω for the further computation of the mean intensity entering the preconditioned ESE i.e., Eqs. (16).
Finally, it is important to realize that the additional computing time necessary for all the extra-computations required by one GS/SOR iterative step is marginal as compared to the one used by a single MALI iterative step.
ILLUSTRATIVE EXAMPLES AND DISCUSSION
We have adopted the standard benchmark models for multilevel atom problems proposed by Avrett (1968; see also Avrett & Loeser 1987) whose main parameters have also been summarized in Table 1 . The respective rates of convergence for the MALI, Gauss-Seidel (GS) and SOR multilevel iterative processes are displayed in Fig. 2 where we plotted the maximum relative change on the level populations from an iteration to another, Rc, for the schematic 3-level H i model. A spatial grid of 20 depth points per decade together with a 8 GaussLegendre angular quadrature and constant Doppler profiles were used. It clearly demonstrates how superior to MALI the multilevel SOR iterative scheme can be for such refined grids 5 ; indeed, in such a case a factor of ∼ 10 in computing time can be saved, when one iterates the population numbers down to numerical noise. We report a similar behaviour Avrett (1968) . Statistical weights are g 1 = 2, g 2 = 8, and g 3 = 18 for H i, g 1 = 2, g 2 = 4, g 3 = 6, g 4 = 2, g 5 = 4 for Ca ii; the temperature of the atmosphere is 5000 K. of the iterative processes when dealing with Avrett's Ca ii ion model. The main potential drawback of SOR methods is that it relies on the choice of a relaxation parameter ω such that 1 < ω < 2, for acceleration purposes, but whose optimal value is a priori unknown. As empirically demonstrated in Fig. 3 , where we plotted Rc after just 50 iterative steps vs. ω, SOR is indeed very sensitive to the choice of ω. However, it was proposed by Trujillo Bueno & Fabiani Bendicho (1995) a quite robust numerical "trick" in order to estimate self-consistently a close-to-optimal ω after having run a few "pure GS" iterations. We followed their recommendations and, indeed, found a posteriori values close to "optimal" ones deduced from experimental runs using a prescribed ω. For example, with the H i model case, we calculated ω calc ≃ 1.56 which compares quite well with the 1.58 value which can be deduced from Fig. 3 .
Finally, in Fig. 4 , we plotted the history of the convergence error Ce defined as
following , where itr is the iteration number and n(∞) is the fully converged solution, and of the relative change Rc for, respectively, the GS and the SOR multilevel iterative schemes. It is important to note, as also stated in Fabiani Bendicho et al. (1997, see §2.5 therein) , that reaching a small value of Rc, which is indeed the most direct control parameter of the iterative process, does not necessarily imply a small enough value of Ce to guarantee convergence; and this is shown by the GS curves. However, an optimal SOR iterative process including the selfconsistent evaluation of ω as proposed by Trujillo Bueno & Fabiani Bendicho (1995) , leads to a better-controlled process since Rc Ce.
The issue of having a reliable stopping criterion is of course critical to any iterative method and, for the specific case of numerical radiative transfer, and Fabiani Bendicho et al. (1997) addressed it successfully by adopting multi-grid methods. We finally refer the reader to this later work where it is demonstrated how the combina-tion of GS/SOR iterative schemes together with multi-grid techniques lead to extremely powerful techniques for the solution of complex radiative transfer problems.
CONCLUSIONS
We described in details how to implement GS/SOR iterative schemes for the solution of non-LTE radiative transfer problems with multilevel atom models. Although our study was restricted to unpolarised radiation transfer in monodimensional geometry, we aimed at bringing more light upon the application of Gauss-Seidel and SOR iterative schemes to numerical transfer and, hopefully, to contribute to their further popularization within the astrophysical community.
